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INTRODUCTION

In biological tissue, the diffusion of water molecules 
is a complex phenomenon due to the heterogeneous 
microstructure of tissue as well as microperfusion 

within the capillary network. Le Bihan et al. proposed 
the intravoxel incoherent motion (IVIM) bi-exponential 
model to separate perfusion effects from pure diffusion 
in diffusion-weighted magnetic resonance imaging 

(DW-MRI) studies.[1-3] In this model, the signal intensity 
from a voxel is expected to decay in a bi-exponential 
fashion, which includes a rapid initial decrease due to 
the microvascular perfusion resulting in signal reduction 
at relatively low b-values, followed by a more gradual 
signal decrease due to tissue.

In the Le Bihan model for microvascular perfusion blood 
circulating through several thousand capillaries consisting 

Error Reduction in Parameter Estimation from 
the Segmented Intravoxel Incoherent Motion 
Bi-exponential Model
Luis Agulles-Pedros1, John L. Humm1,2, Evis Sala2, Hebert A. Vargas2, Yousef Mazaheri1,2

1Department of Medical Physics, Memorial Sloan Kettering Cancer Center, New York, USA, 2Department of 
Radiology, Memorial Sloan Kettering Cancer Center, New York, USA

 ABSTRACT

Purpose: The purpose of the study was to develop and evaluate a method aiming at reducing the estimation error of the intravoxel 
incoherent motion (IVIM) model parameters reduced-error IVIM (reIVIM) and to compare the estimated parameters to those 
measured using the conventional “segmented” IVIM (seIVIM) algorithm. Materials and Methods: The prospective clinical 
component of this study was approved by the Institutional Review Board; all patients signed informed consent. 10 patients 
who underwent pre-treatment magnetic resonance (MR) imaging between July 2014 and May 2015 at 3-Tesla as part of a 
prospective study of the effect of radiation treatment on IVIM parameters were included. Diffusion-weighted MR images at 
17 b-values (0, 10, 40, 70, 90, 100, 110, 120, 170, 210, 240, 270, 390, 530, 620, 750, and 1000 s/mm2) were acquired at 4–8 
consecutive time points. Using pre-treatment data, IVIM parameters (pseudo-diffusion D*, true diffusion D, and perfusion-
fraction f) were estimated from tumor regions of interest using the seIVIM and reIVIM algorithms. The repeatability of IVIM 
parameters for each algorithm was evaluated through assessment of the coefficient of variation (CV). For simulated data, 
precision and accuracy were evaluated as a function of noise. Results: Differences in CV for D and f between seIVIM and 
reIVIM (mean ± standard deviation %: 5.95 ± 2.63 and 5.94 ± 2.78 for D and 13.26 ± 4.94 and 10.54 ± 3.83 for f, respectively) 
were not significant (P = 0.99 and P = 0.18 for D and f, respectively). Differences in CV for D* and f × D* between seIVIM 
and reIVIM (40.88 ± 14.80% and 20.51 ± 7.71% for D* and 45.10 ± 13.40% and 22.50 ± 8.48% for f × D*, respectively) were 
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of “straight” segments oriented at various angles was 
modeled as a random, diffusion-like motion, with an 
effective diffusion coefficient.[2] Based on this model, the 
“diffusion” of blood within the capillaries depends on 
several factors, including vascular geometry and the rate of 
perfusion, and is much higher than the diffusion coefficient 
of tissue water.

Although it is more informative than the mono-exponential 
model, the IVIM model provides parameters that lack 
reproducibility to be reliable biomarkers.[4-6] Pekar et al. used 
computer simulations to study the precision and accuracy of 
bi-exponential parameters derived from multi-b-value DW 
experiments to characterize perfusion and diffusion.[4] Based 
on model parameter values for the brain, they generated a 
noise-contaminated signal at numerous signal-to-noise 
ratios (SNRs) and found that reliable estimates of perfusion 
coefficient, D*, and perfusion fraction, f, require substantial 
SNRs. The simulation also indicated that SNRs need to be 
higher for estimation of D* than for f. The substantial SNRs 
required for reliable estimation of bi-exponential parameters 
could be achieved through averaging over regions of 
interest (ROIs). For voxel-wise analysis of IVIM diffusion 
parameters require more robust and reliable parameter 
estimation methods.

Several approaches have been presented in the literature to 
improve the reliability of the estimated IVIM parameters. 
One standard approach is the “segmented” IVIM (seIVIM) 
bi-exponential fitting.[7,8] In this approach, rather than 
simultaneously fitting data from all b-values, the data are 
divided into high- and low b-value ranges, and the IVIM 
parameters are estimated consecutively. Others have 
used alternative fitting approaches, including a Bayesian-
Probability-based approach,[9,10] a Trust-Region-based 
algorithm,[11] and a fixed-D* algorithm.[12,13] For a summary 
and comparison of different fitting strategies refer to Barbieri 
et al.[11]

The accurate and reliable assessment of bone marrow 
perfusion can provides valuable clinical information 
regarding tumor response to therapy as well as evaluation of 
compression fractures and metastasis.[14,15] Previous studies 
have used contrast-enhanced kinetics to evaluate tumor 
responses to radiotherapy in spinal bone metastases and to 
evaluate response to metastatic bone lesions.[16]

In this work, a simple method to improve data reliability 
of IVIM parameters, referred to as the reduced-error IVIM 
(reIVIM) estimation is presented. The method is based on 
the selection of pixels, which fulfill two conditions in each 
fitted parameter: (i) The parameter is within physiologically 
meaningful limits and (ii) the goodness-of-fit (GOF) of the 
estimation is within a predefined threshold. Voxels that do 
not meet the inclusion criteria are excluded from the analysis. 

Using both simulation and human data the results are 
compared with the seIVIM, which does not pre-select voxels.

Theory
IVIM bi-exponential model

The bi-exponential IVIM model can be obtained by signal 
decay fitting of the following equation:

( ) bnD bnDS(b) = 1 f ne +fne
S(0)

− −
� (1)

Where S(b) and S(0) are signal intensities of each voxel 
with and without diffusion weighting, and the quantity, b, 
is the diffusion sensitizing factor (commonly referred to as 
the b-value). D is the diffusion coefficient, f is the volume 
fraction of water in perfused capillaries, and the pseudo-
diffusion coefficient, D*, is dependent on the mean path 
length and blood velocity within the capillary network.

seIVIM bi-exponential fitting
Conventional seIVIM bi-exponential fitting is based on a 
2-step fitting procedure; during the first step, the contribution 
from perfusion to the diffusion coefficient is ignored (as the 
one observed when high b-values larger than 200 mm2/s are 
applied) and the signal will follow:

bnDS(b>200) = e
S(0)

− � (2)

The perfusion fraction arises from the difference between the 
portion of the signal of those nuclei related to the intra- and 
extra-cellular diffusion, and the portion from those related 
to the microcirculation in the capillary network. Thus, f is 
obtained from the intercept of the linear regression of the 
logarithmic slope as:

intS
f=1

S(0)
− � (3)

Where Sint is the intercept of the fitting of Eq. 2. The second 
step calculates D* by fitting the exponential decay using a 
partially constrained nonlinear regression algorithm based on 
Eq. 1.

reIVIM bi-exponential fitting
A flow chart describing the algorithm is shown in Figure 1. 
In reIVIM segmented bi-exponential fitting, two exclusion 
criteria were included in the selection of voxels to be included 
in the final analysis. First, only voxels that have estimated 
values, which are within a certain pre-defined range of 
values, were included. These values were identified based 
on literature values and were deemed to be within the range 
of physiologically acceptable values. Voxels with parameters 
whose values exceed a pre-defined range are excluded from 
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the analysis. Second, voxels are excluded from the analysis if 
the estimation of the GOF of the residuals is below pre-defined 
values. Two exclusion criteria are applied systematically 
within the general framework of seIVIM. First, for D 
estimate, the physiological bounds as well as the GOF for 
the linear fit of logS(b) versus b for higher b-values (b-values 
>200 s/mm2) are incorporated. Only voxels that meet these 
criteria are further evaluated for estimation of f. Next, voxels 
with f values (estimated from Equation 3) that are within 
physiological bounds are included in the next phase of the 
analysis. Finally, for the subset of voxels that meet both the 
D and f criteria, the GOF criteria of the small b-values fitting 
applied to Equation 1 as well as the physiological bounds 
criteria for D* are applied to identify the set of voxels that 
meet all the criteria required for estimation D*.

Using the MATLAB® (version R2014b, The MathWorks, Inc., 
Natick, MA, USA) routine nlinfit.m for nonlinear  regression 
algorithm, it is possible to estimate the four coefficients: The 
initial signal intensity S0, D, f, and D*. This fitting algorithm 
also returns residuals that can provide an estimate of the 
GOF. The maximum absolute error (MAE) is selected as the 
GOF criteria based on the simulation findings, which showed 
that it provided a robust metric to evaluate data fitting quality 
with reduced bias in the estimated parameters.

MATERIALS AND METHODS

Simulations
Monte Carlo simulations were performed to provide an 
improved understanding of the experimental findings and 

to determine confidence in the parameters derived from the 
IVIM estimations. Ideal signal intensity data were generated 
with the same 17 b-values used in the study: 0, 10, 40, 70, 
90, 100, 110, 120, 170, 210, 240, 270, 390, 530, 620, 750, 
and 1000 s/mm2. The simulations were performed assuming 
that the in vivo signal is biexponential, with parameters set to 
f = 0.14 ± 0.06, D = 0.60 ± 0.09 × 10−3 mm2/s, and D* = 28 ± 
9 × 10−3 mm2/s [Table 1]. The values were selected based on 
values reported by Marchand et al. for vertebral bone marrow 
using a non-negative least square algorithm[17] [Table 2]. To 
estimate the measurement errors induced by random noise, 
Rician-corrupted data were generated based on a method of 
Wiest-Daesslé et al.[18] 10,000 simulations were performed 
at each of the SNR levels: 9, 15, 23, 48, and 63. Precision 
and accuracy for each model were calculated. The precision 
of each parameter was characterized by its coefficient of 
variation (CV), defined as the ratio of the parameter’s 
standard deviation (SD) to its mean. Accuracy was assessed 
by the relative bias, defined as the percentage difference 
between the fitted and ideal parameter values.

Patient selection
The prospective clinical component of this study was approved 
by the Institutional Review Board; all patients signed 
informed consent. Inclusion criteria were: (i) Histologically 
proven metastatic disease; (ii) patient deemed clinically 
appropriate for radiation treatment; (iii) life expectancy 
>6 months; and (iv) age ≥18 years. Exclusion criteria were: 
(i) Inability to give informed consent; (ii) inability to comply 
with the protocol, (iii) contraindications to MRI; (iv) tumors 
involving visceral organs, brain or spinal cord; (v) platelet 
count <75,000/µl, hemoglobin level <9 g/dl, white blood 
count <3500/µl; (vi) metastases in the upper thoracic spine (to 
avoid MRI artifacts due to cardiac motion); and (vii) lesions 
<1.5 cm (to ensure robust measurements thereby avoiding 
potential issues due to limited spatial resolution).

All patients underwent MRI before radiation therapy on a 3 
Tesla MR scanner (MR750, GE Healthcare, Wisconsin, USA). 
DW-MRI was acquired at 4–8 consecutive time points with 
4-min intervals between acquisitions. A body coil was used for 
excitation. For signal reception, the vendor’s standard 6-element 

Figure 1: Flow diagram for pixel selection to analyze each 
intravoxel incoherent motion parameter

Table 1: IVIM parameters used in the simulations. 
The mean values were based on the non‑negative 
least square algorithm reported for vertebral bone 

marrow.[17] The range was set to 2×SD of the 
literature values from Table 2

Parameter Tumor 
mean

Tumor, range  
(minimum, maximum)

D, (10−3 mm2/s) 0.60 (0.23, 0.97)

f, (%) 14 (1.30, 26.71)

D*, (10−3 mm2/s) 28 (9.07, 65.86)
IVIM: Intravoxel incoherent motion, SD: Standard deviation
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spine phased array coil was used, allowing simultaneous 
operation of four of the six array coils and reconstruction of 
a sum-of-squares image from the four intermediate coil MR 
images. DW images were obtained using a Stejskal-Tanner 
pulsed gradient spin echo sequence and spin-echo echoplanar 
imaging readout. Multi b-value DW MRI (b = 0, 10, 40, 70, 
90, 100, 110, 120, 170, 210, 240, 270, 390, 530, 620, 750, and 
1000 s/mm2) was acquired using the following parameters: 
TR/TE = 2200/80.2 ms, number of averages = 2, matrix 128 × 
128, field of view 320 × 160 mm2, and spatial resolution 2.5 × 
1.25 × 5 mm3, with an acceleration factor of 2. The acquisition 
was repeated 16 times. Conventional T1- and T2-weighted MR 
images were also acquired for anatomical correlation, using 
an existing standard of care clinical protocol. Volumes of 
interest covering lesions were outlined by experienced MRI 
radiologists on apparent diffusion coefficient maps, using 
a combination of the T1-weighted and DW-MR images for 
guidance. MR image post-processing was performed using 
in-house software written in MATLAB (version R2014b, The 
MathWorks, Inc., Natick, MA, USA).

Data analysis
After selection of original and selected pixels D, f, and D*, 
the average of each parameter and CV was computed. In the 

case of simulations, accuracy and bias were calculated. The 
Wilcoxon signed-rank test was used to analyze differences 
between pre- and post-contrast parameters. Scatter-plots and 
the Pearson correlation coefficient were used to quantify the 
relationships between variables. A value of P < 0.05 was 
accepted as the minimum level of significance.

RESULTS

Figure 2a is the mean estimated D* as a function of MAE 
from a patient data. The estimation of D* is 27 × 10−3 mm2/s 
when MAE threshold of 0.4 is used compared with 27 × 
10−3 mm2/s at MAE = 1. Figure 2b is the percentage of voxels 
used as a function of MAE. At MAE = 0.4, 38% of the voxels 
are included in the analysis. Based on the empirical evaluation 
of all patient data, a MAE threshold of 0.5 was selected.

Simulations show comparison of bias [Figure 3a] and CV 
[Figure 3b] for seIVIM and reIVIM algorithms. For SNR = 9, 
the bias in D* was −53.30% for seIVIM and −4.70% for 
reIVIM. For higher SNR, there were fewer improvements. 
For SNR = 35, the bias in D* was −1.35% for seIVIM and 
−0.87% for reIVIM.

Table 2: Literature values for bone marrow IVIM parameters
Literature values Description D, (10−3mm2/s) f, (%) D*, (10−3mm2/s)
Marchand et al.[17] Vertebral bone marrow using 

non‑negative least square algorithm
0.60±0.09 14±6 28±9

Vertebral bone marrow using 
Levenberg‑Marquardt algorithm

0.45±0.27 27±17 63±145

Niu et al.[21] Acute myeloid leukemia before 
treatment (complete responders)

0.24±0.04 22.38±5.19 67.22±7.07

Acute myeloid leukemia before 
treatment (non‑responders)

0.20±0.03 27.89±8.25 66.80±6.76

IVIM: Intravoxel incoherent motion

Figure 2: (a) Mean estimated D* as a function of maximum absolute error (MAE) from a patient data. (b) Percentage of voxels 
used as a function of MAE. Based on the empirical evaluation of all patient data, a MAE threshold of 0.5 was selected

a b
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A representative plot of the mean signal from an ROI using 
seIVIM and reIVIM is shown in Figure 4. Importantly, 
the mean (±SD) value of D* is 20.47 ± 4.24 mm2/s 
when conventional (seIVIM) as compared with 29.89 ± 
4.60 mm2/s if the reIVIM method was employed Also 
shown is the magnified region for b-values 0–300 s/mm2. 
Table 3 shows the mean in vivo measurements data for all 
10 patients. Figure 5 shows the selection criteria from a 
slice through the center of the tumor for each of the three 
parameters (D, f, and D*) for all 10 patients and shows the 
three steps in the selection process. Usually, voxels meet 
the criteria for D. The perfusion fraction criteria provided 
a substantial threshold to voxel selection that was further 
refined by the D* criteria. For example, for patient 5, the 
percentage of selected voxels for the reIVIM is 99.40% in 
D, 89.70% in f, and 60.55% in D*. The parametric maps for 
patient 5 are shown in Figure 6.

In Table 4, the CV of the fitted values for the two methods 
is compared. A significant improvement (reduction in CV 

values) in the estimation of D* (P = 7.68 × 10−4) and f × D* 
(P = 1.1 × 10−3) was observed when seIVIM and reIVIM were 
compared. The CV of D and f were not significantly different 
for the two methods (P = 0.88 and P = 0.10, respectively). 
A box-plot representation is shown in Figure 7.

The dependence of the CV of the perfusion-related parameters 
f, D*, and f × D* was evaluated as a function of f [Figure 8]. 
Based on the slopes of the fitted lines, there is no noticeable 
change when seIVIM and reVIM methods are compared for 
f (slopes were −0.3 in both cases). For D* and f × D*, the 
slopes were substantially different for the two methods (−1.4 
and −1.5 for seIVM as compared with −0.4 in both cases for 
reIVIM, respectively).

DISCUSSION

A method has been presented to improve the bias and 
precision of the fitted IVIM parameters that rely on the 
inclusion of voxels, which satisfy pre-defined inclusion 

Figure 3: Monte Carlo simulations of accuracy (bias) (a) and precision (coefficient of variation) (b) of D, f, and D* parameters 
versus signal-to-noise ratio

a b

Figure 4: Representative plot of the mean signal from a region of interest using “segmented” intravoxel incoherent motion (seIVIM) 
and reduced-error intravoxel incoherent motion (reIVIM). The mean (±standard deviation) value of D, f, and D* was 6.86±0.42 
mm2/s, 17.03±1.84%, and 20.47±4.24 mm2/s, respectively, when conventional (seIVIM) as compared with 17.03±1.84 mm2/s, 
17.05±1.81 mm2/s, and 29.89±4.60 mm2/s, respectively, if the reIVIM method was employed

a b
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criteria. The approach has been evaluated on both simulated 
data and in vivo human data.

Selection criteria were key to achieving improvements in 
data robustness. The criteria that have been incorporated 
consider boundary conditions of the estimated parameters 

as well as a metric that assesses the GOF of the fitting 
processes. By applying these selection criteria, improved 
fitting of the voxels which exclude voxels that do not meet 
the requirements of our model has been achieved.

Spatial maps to display the selection process have been 
generated. The maps are also beneficial because they could 
provide localization of regions within a tumor that are, for 
example, perfusion deficient, due to necrosis. The approach 
of mapping error for the analysis of pharmacokinetics data 
was previously proposed by Gill et al.[19] Here, their approach 
has been extended to the analysis of IVIM data.

The quality of the simulated fitted parameters was assessed 
in terms of precision and bias, which showed a strong 
dependence on SNR. However, in vivo data can offer a wide 
range of SNR within the ROI, implying that the benefits of 
the approach could vary. Overall, a significant improvement 
was found in CV of D* (as well as the product of f, D*, and f × 
D*), which was consistent with our findings from simulations 
in the range of SNR = 10–30. The parameter D was highly 
reproducible, and the CV did not significantly change with 
the proposed method. There was an improvement in the CV 

Figure 5: Selection criteria from a slice through the center of the tumor for each of the three parameters (D, f, and D*) for all 
10 patients

Table 3: Mean (minimum, maximum) of median (overall voxels) D, f, D* and f×D* for the patient population
Parameter seIVIM reIVIM P
D, (10−3 mm2/s) 0.71 (0.33,1.39) 0.71 (0.33,1.39) 1.0

f, (%) 13.33 (6.32,24.97) 13.84 (6.4,25.54) 0.62

D*, (10−3 mm2/s) 8.81 (4.73,20.47) 30.27 (10.03,46.64) 3.3×10−4*

F×D*, (10−3 mm2/s) 1.28 (0.46,3.49) 4.28 (0.64,6.99) 0.0073*
seIVIM: “Segmented” intravoxel incoherent motion, reIVIM: Reduced-error intravoxel incoherent motion

Table 4: Mean values of CV of the fitted values 
throughout the 10 patients. The asterisk indicates 

significance (Wilcoxon rank‑sum test P value <0.05)
Parameter seIVIM reIVIM P %
CV of 
D (%)

5.95±2.63 5.94±2.78 0.88

CV of f (%) 13.26±4.94 10.54±3.83 0.10

CV of 
D* (%)

40.88±14.80 20.51±7.71 7.68×10−4*

CV of 
f×D* (%)

45.10±13.40 22.50±8.48 1.1×10−3*

seIVIM: “Segmented” intravoxel incoherent motion, 
reIVIM: Reduced‑error intravoxel incoherent motion, 
CV: Coefficient of variation
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of f, though it did not reach the level of statistical significance 
(P = 0.10). The simulations suggest a substantial bias in D* 
in the SNR range of 10–30, which is reduced drastically 
with the reIVIM method. From the in vivo data [Table 3], a 
significant increase was found in estimated D*. The trend 
is consistent with the reduction in bias observed from the 
simulation results. There were no significant changes in the 
estimated values of D and f when the reIVIM method was 
applied as compared with the seIVIM method. This trend was 
also consistent with the simulation results.

A limitation of measuring microperfusion related parameters 
using IVIM is the relatively small contribution to the signal 
from the capillary compartment as given by f. Hence, the 
relationship between perfusion fraction, f, and the CV of the 
perfusion-related parameters (f, D*, and f × D*) has been 
explored. The results [Figure 8] suggest that in the estimation 
of D* (and f × D*) with the standard method (seIVIM), the 
CVs are sensitive to the value of f (due to the higher negative 
slope of seIVIM). For reIVIM, the slope is substantially lower, 
which implies that the CV for the proposed method is less 
dependent on the value of f. The slope of CV (f) does not appear 
to change when comparing the two methods, though reIVIM 
has reduced CV at all f values as compared with seIVIM.

Figure 6: Parametric maps of D, f, and D* based on 
“segmented” intravoxel incoherent motion and reduced-error 
intravoxel incoherent motion for patient 5

Figure 7: Box-and-whisker plots of variation (coefficient of variation) of (a) D, (b) f, (c) D*, and (d) f×D* for the “segmented” 
intravoxel incoherent motion (seIVIM) and reduced-error intravoxel incoherent motion (reIVIM) methods. Red lines median 
values; bottom of box, 25 percentile; top of box, 75th percentile. Kruskal–Wallis test demonstrated statistical significance for 
differences between the seIVIM and reIVIM methods

a

c

b

d
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The standard monoexponential diffusion model provides 
a reliable estimate of diffusion coefficient, namely the 
apparent diffusion coefficient. However, an extension of 
this model to those models that incorporate micro-perfusion 
(such as IVIM) or restricted diffusion (such as the non-
Gaussian diffusion kurtosis model)[20] is often limited by 
the reduced reliability of the estimated parameters. The 
approach presented here can be extended to other diffusion 
models (including the non-Gaussian diffusion kurtosis 
model), providing a tool for more robust analysis of 
diffusion parameters.

The present study had some limitations. A major limitation 
of this study is the small sample size. Second, because the 
source of the error beyond low SNR has not been examined, 
the question of whether the method can be used to identify 
regions of low blood perfusion has not been addressed. 
An additional source of error is motion, or fat signal, 
contamination, which was not incorporated in the analysis. 
Additional studies will need to incorporate the contribution 
from these and other sources to increase the reliability of 
IVMI parameters.

CONCLUSION

We have proposed an approach to the voxel-wise analysis 
of IVIM data that results in the improved estimation of the 
pseudo-diffusion parameter by reducing the variability of the 
measurement.
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